The propagation of nonlinear waves through a medium endowed with a periodic structure is theoretically studied using a simple perturbation method, and in order to confirm the result, the reflection coefficient of the wave's energy is numerically calculated. It is shown that the reflection coefficient depends on the wave amplitude, and this fact can be explained from the characteristic behavior of the pseudo-unstable state solution and the doubly-periodic stable state solution. These concepts were previously proposed by the present author in a study of the nonlinear Mathieu equation. §1. Introduction
§1. Introduction
It is a well-known fact that when waves exist in a periodic structure, if these waves' wavelength is twice as long as the structure's periodicity, they cannot stand steadily, and when they come upon the surface of the medium, they will reflect, being unable to penetrate into it. These phenomena are exhibited by all kinds of waves, not exclusively by a particular type wave, and therefore, they may be considered as basic characteristics of waves. Bloch's theorem, which plays a crucial role in the theory of electrons in metals, and Bragg's law of reflection in the X ray analysis of the crystalline structure relate to this fact.
These phenomena can be considered as resulting from the interference between a wave going forward and a wave coming backward, the latter generated through reflection due to the periodic variation of medium's property. Theoretically, these waves are usually treated with the Mathieu equation, which is also used to analyze the stability of the parametric oscillations. 1) However, in studies of this problem, it has usually been treated as a linear problem, and to the author's knowledge, the problem of nonlinear effects upon these phenomena has to this time neither theoretically nor experimentally attracted the interest of researchers. However, it seems to be an interesting problem, not only in an academic sense but in a practical sense, to see, for instance, how light waves will propagate through a nonlinear medium with a periodic structure.
Recently, Onogi and the present author 2) have studied a nonlinear Mathieutype equation and obtained interesting results regarding the nonlinear stability of the solution. The equation governing wave propagation through a medium endowed with a periodic structure resembles the nonlinear Mathieu equation. Hence, we can apply the method employed in the study of oscillation to the problem of wave propagation, and by the nonlinear stability criterion obtained there, we can hypothesize how waves will reflect at the surface and penetrate into the medium.
In the next section, we treat a simple nonlinear wave equation and seek the condition under which the wave can stand steadily in the medium. In the third section, in order to confirm our theoretical result, we calculate the reflection coefficient of the wave's energy numerically. §2. The stability criterion of a standing wave in a medium endowed with a periodic structure
A model equation
We treat a simple nonlinear wave equation to study the problem proposed in the preceding section; it is adopted as only the simplest model equation and has no physical analogue. However, we may obtain an equation of such a form, if we consider, for instance, the system to be composed of numerous pendulums arranged in a row, where their inertial momenta are spatially periodically varied, and each member is joined at its pivot to its nearest neighbors by a torsion wire which produces a nonlinear restoring torque. Suppose that the torque can be expressed as a power series in the difference of the displacement of two adjacent pendulums, and we take only the first and the third order terms into consideration, for simplicity; that is, we suppose it to be a(y n+1 − y n ) + b(y n+1 − y n ) 3 , where y n is the displacement of the n-th pendulum. When we concern the case of the long wavelength limit, applying the continuum approximation method, we obtain a wave equation which has a form such as
Here, y(x, t) is the displacement, m(x) is the quantity concerning the spatially varied inertial momentum of the pendulum at the site x, g is a constant relating to the gravitational constant, α and β are the linear and nonlinear coefficient of the restoring torque of the torsion wire (which are related to the coefficients a and b), and Λ is the periodicity of the spatial variation of m(x). Defining non-dimensional quantities as
, and changing scales with respect to space and time units, we can rewrite Eq. (1) as
This expression shows that the absolute value of β can be regarded as unity and only its sign is significant. We study here only the case in which β < 0, since we can easily guess how the solutions will behave in the case in which β > 0 from the result of the case in which β < 0, as is seen clearly below. Hereafter, the asterisk in (2) will be omitted.
Stationary solutions of the linearized equation
In this subsection, following the method employed by Rayleigh, 3) we seek stationary solutions of the linear version of Eq. (2) using a multi-scale expansion perturbation method. First, let us consider the case ε = 0. Assuming the form of the solution as
and putting this expression into the linear version of Eq. (2), that is,
we obtain the dispersion relation
As we see below, the most interesting case of our problem is that in which the wave number is k = 1. Therefore, we define the specific frequency ω 0 as
In order to seek the solution for the case satisfying 0 = ε 1, we adopt a perturbation method, because it is very difficult to obtain the solution of Eq. (2 ) exactly, even though it is linear. In order to do this, it is necessary to expand the dispersion relation around k = k 0 (ω = ω 0 ) as
Assuming a solution of the form y(x, t) = exp(iωt)Y (x) + C.C., we can transform Eq. (2 ) into a Mathieu-type equation,
and we can apply a method 2) developed for the study of nonlinear parametric oscillation to the present case.
Assuming we can write Y (x) = y 0 (x) + εy 1 (x) + ε 2 y 2 (x) + · · ·, let us seek the solution in an expansion form with respect to ε 4) and suppose that y 0 (x) takes the form
where we have used the second expression for k of (6). The final expression of (8) implies that it will be convenient to assume before hand that the complex amplitudes A and B will vary on scales proportional to various powers of the inverse of ε. Therefore, with the definition that x i ≡ ε i x, for i = 0, 1, 2, 3, · · ·, we should assume
For this reason, we should also replace the derivative operator with respect to x according to
Putting the expressions (6), (9) and (10) into Eq. (2 ), expanding it as a power series in ε, and equating the coefficient of each term with zero, we obtain
where ω 0 and ω 0 represent 
Here, we encounter secular terms, which should vanish for Eq. (13) to be solvable. The solvability condition is that the coefficient of exp(−ik 0 x 0 ) and exp(ik 0 x 0 ) disappear. This is given as a system of differential equations with respect to x 1 for A and B:
This system of equations has a solution of the form A = A 0 exp(σx 1 ), B = B 0 exp(σx 1 ), where A 0 and B 0 are constant, and σ (which represents the characteristic values of Eq. (14), i.e., roots of the equation σ 2 = 1/16 − d 2 ) determines the stability criterion of the solution with respect to 'space'. If σ is real, then the amplitudes A and B grow exponentially as |x 1 | goes to infinity. This implies that the solution is unstable, and if σ is purely imaginary, then A and B oscillate, but remain finite for all x 1 . This implies that the solution is stable. Consequently, the stability of the solution is determined by the value of the parameter d as follows:
(15) The unstable and stable regions are depicted in Fig. 1 with respect to the pair of the parameters k and ε.
Since the unstable solutions grow without limit as |x 1 | goes to infinity, they are not physically allowed as stationary solutions in the case of an infinitely extending medium, and in the situation in which waves come upon the surface of the medium from the outside, solutions of this type may correspond to reflecting waves, the penetration depth of which can be considered to be (ε|σ|) −1 . On the other hand, when the solutions are stable, the stationary waves may pervade the medium, and incident waves can be transmitted into the medium at its surface (see Ref.
3)).
Though Eq. (14) is a system of differential equations with respect to the spatial coordinate, it is useful to consider its 'flow' as well as in the case of usual dynamical systems, because the characters of the flows of Eq. (14) are quite different from each other. In the unstable state, the origin is a saddle point, and the flow around it is hyperbolic, while in the stable state, the origin becomes a stable node, and the flow is circular. These flows in each such state are schematically depicted in Fig. 2 . Here, the amplitudes A and B are assumed to be complex conjugates, and the flow is depicted in the plane of the real part of the complex amplitude A (A r ) and its imaginary part (A i ). This assumption is compatible with Eq. (14) and will not make the solution meaningless.
Comparing the behavior of the waves with these flow patterns, we may consider that when the flow is hyperbolic, stationary waves cannot stand in a medium endowed (a) (b) with a periodic structure, and incident waves will reflect at its surface and that when it is circular, stationary waves can exist throughout the medium, though their amplitudes vary periodically in space. This conjecture will help us hypothesize about the propagation of nonlinear waves. This problem will be considered in the next subsection.
The amplitude equation of the nonlinear wave equation
Let us take the nonlinear term into consideration and solve Eq. (2). We assume that solutions may take a form
0 (x) + εy
because we must expect the production of higher harmonics due to the nonlinear term. Assuming y 0 (x) to take the same form as that of (9), let us put this expression into Eq. (2), expand the resultant expression in a power series, and equate the coefficient of each order of ε with zero in the same manner as in the linear case. Then we also obtain a system of equations for the amplitudes A and B from the solvability condition:
The solution of the reduced equation (17) is not easily obtained in a concise form, but it shows us that in the nonlinear case the increase of the amplitude may have an effect on the flow as if it shifts the value of d as
This implies that the character of the flow pattern may change with a change of the magnitude of the amplitude. For instance, even if the flow is hyperbolic for small amplitude, it will be circular for large amplitude, and vice versa. In some cases, no serious change will take place. Its global flow can be determined in the A r -A i plane by a linear stability analysis about its fixed points, with the same assumption that A and B are complex conjugates, as in the linear case. Typical examples of the flow pattern are depicted in Figs. 3(a) -(c). In (a) in which 1/4 < d owing to the nonlinear terms, four fixed points appear in addition to the one at the origin, O = (0, 0), which is a nodal point. They are
; here P 1 and P 2 are nodal points, but Q 1 and Q 2 are saddle points. Moreover, the unstable branch of one saddle point coincides with the stable branch of the other, and therefore, in their vicinities the flow becomes hyperbolic. In the case of (b) in which −1/4 < d < 1/4, the fixed points P 1 and P 2 remain nodal points, but Q 1 and Q 2 merge with the fixed point O, and the resultant fixed point will be a saddle point. In this case each unstable branch of the saddle point coincides with one of its own stable branches, and therefore, in its vicinity the flow is hyperbolic. In (c), in which d < −1/4, the fixed points P 1 and P 2 merge with the fixed point O at the origin, too, and the latter becomes a nodal point again. Then the flow is circular everywhere in phase space.
In other words, in the case of (a), even if the pair of parameters ε and d is chosen so that the solution might become linearly stable, it would behave as if it were unstable when its amplitude is large at an initial point. The behavior of the solution resembles that of the unstable solution in the linear case: it is accompanied by a repetitive exponential growth and decrease of the amplitude, though it is stable in the sense that it returns to the initial state over and over. We refer to solutions of this type as the "pseudo-unstable solutions" in Ref. 2) .
A solution of the same type can be seen also for initial conditions of small amplitude in the case of (b), in which the pair of parameters was chosen so that the solution would become linearly unstable. However, in contrast to the case of (a), it behaves as if it were stable for sufficiently large initial amplitude. We refer to solutions of this type as "doubly-periodic solutions".
Combining the speculation given in the preceding subsection with this result, we may conclude that when the solution is pseudo-unstable, stationary waves cannot stand in the medium, and incident waves will reflect at the surface. When it is doubly-periodic, stationary waves can stand steadily in the medium. Also, the character of the flow may change with a change of the amplitude. Consequently, even for the same pair of parameters ε and d, whether a stationary wave can stand or not depends largely on the magnitude of its amplitude, and the reflectivity of the wave also depends on it. The critical value of the amplitude, above which the solution will be pseudo-unstable but below which it will be doubly-periodic, may be estimated to be the distance between Q 1 (Q 2 ) and the origin, and the other critical value above which the solution will be doubly-periodic but below which it will be pseudo-unstable may be estimated to be the distance between P 1 (P 2 ) and the origin. Another explanation which can justify the above-mentioned conjecture may be possible. Suppose that the nonlinear wave equation in the case of a structureless medium may be approximated by a linear one, i.e.,
Here we symbolize an average over space and time by the brackets. Moreover, if we may consider that the averaged quantity can be approximated by a quantity proportional to the square of the amplitude, where γ is a proportionality constant that should be properly chosen so that the discrepancy between the original equation and Eq. (19) may be minimized. Then, this wave equation will have a linear dispersion relation that depends on the amplitude. It is shown schematically in Fig. 4 for the case in which β < 0. Here, the shaded area indicates the unstable region around k = k 0 , whose width is determined by ε. For the given frequency of the wave, even if the corresponding wave number of the wave falls within the unstable region for small amplitudes, it may move from the inside of the unstable region to the outside with an increase of the amplitude, and it is possible that even if the wave number does not fall within the unstable region for small amplitude, it may enter the unstable region with its increase, too. This amplitude dependence of the dispersion relation may also explain how the nonlinear wave propagates through a medium endowed with a periodic structure. §3. Numerical solutions of the nonlinear wave equation
In order to confirm our theoretical result obtained above, we solved Eq. (2) by numerical calculation. We consider the interval [−L, 0) to be filled with a linear medium which is structureless and the medium extending in the interval [0, L] to be endowed with a periodic structure. We assume the wave propagation through the [0, L] region to be governed by the nonlinear equation (2) .
In the preceding section, we treated only stationary solutions of a wave train form in order to solve the problem theoretically. However, it would be very difficult, if not impossible, to obtain stationary solutions of that form by numerical calculation. Contrastingly, it is far easier to treat such transient phenomena as the transmission and the reflection of pulse waves by numerical calculation. Thus, let us suppose that at an initial time, the wave has a pulse shape localized in the interval [−L, 0). It will then progress in the positive x-direction. That is,
Here, k, the central wave number of the carrier wave of this pulse is chosen so that it may be sufficiently off from the boundary of the unstable region and the stable region, and δ −1 x , the distribution width of the wave number of the train waves composing the pulse, is chosen to be as small as possible, approximately 0.004. In other words, the width of the pulse is about forty times the wavelength of the carrier wave, and a, the initial position of the center of the pulse, is −L/2. The value of g is chosen to be 0.5, and β is chosen negative.
We calculated the reflection coefficient of the wave's energy for various wave numbers k (= k 0 +εd) and amplitudes C. The dependence of the reflection coefficient on C is shown in Fig. 5 for various ε and d. For the case d = 0.35, which corresponds to the case of Fig. 3(a) , though the coefficient increases slightly with C, it remains small when C is small. This implies that a large part of the wave will penetrate into the medium and progress, though it reflects partially at the surface. However, if C exceeds a certain value, it begins to increase with steeper slope; i.e., a much larger portion of the wave comes to reflect at the surface. In this case the ε dependence is appreciable for small C. Explanation can be given for this fact as follows. If d is fixed, the fact that ε becomes small means that k = k 0 + εd will reach the boundary of the unstable region, and therefore, it is only natural that the portion of the wave that reflects at the surface will increase as ε becomes smaller and smaller. Contrastingly, for the case d = −0.15, which corresponds to the case of Fig. 3(b) , the reflection coefficient is unity for small C; i.e., the wave totally reflects at the surface. However, it begins to decrease when C exceeds a certain value, and the wave comes to partially penetrate, though almost all the wave reflects. With increase of C, the reflection coefficient decreases, but for larger C, it ceases to decrease and seems to attain a constant value. For d = −0.35, which corresponds to the case of Fig. 3(c) , the dependence of the coefficient on C is not appreciable. Denoting one critical value of the amplitude C, above which the wave begins to reflect much more at the surface, by C * , and the other critical value, above which the wave begins to penetrate into the medium, by C * , we depict the relation between C * 2 (C * 2 ) and Finally, the time development of waves in the case d = 0.35 is depicted in Fig. 7 , and in Fig. 8 , that in the case d = −0.15 is depicted. Figure  7 (a) shows us that when C is small, the wave penetrates, but (b) shows that a large portion of the wave reflects at the surface for large C. Contrastingly, in Figs. 8(a) and (b) , it is shown that when C is small, the wave reflects almost totally, but when C becomes large, a large portion of the wave can propagate through the medium. In these figures, the wave amplitudes are scaled by a factor √ εC, and the surface of the medium lies at the point 12000. In our numerical calculations, the differential operation with respect to space is replaced by the difference, (a) (b) as usual, but the temporal development is obtained by use of the Runge-Kutta-Gill method. The space is assumed to extend from x = −2π × 300 to x = 2π × 300; in other words, L is chosen to be 2π × 300. It is divided into 24000 segments of width ∆x = 2π/80. This value of ∆x amounts to 1/80 of the specific wave length 2π/k 0 . The increment of time ∆h is chosen to be 2π/160, which amounts to about 1/130 of the specific period T 0 = 2π/ω 0 . The calculation time is required to be so long that the reflected wave and the transmitted wave may be well separated from each other. It amounts to about 150 times T 0 = 2π/ω 0 . Therefore, appreciable error, which we estimated by checking the energy conservation, inevitably accumulates during the calculation, especially for large C. For instance, for ε = 0.2 and C = 2.0, the error amounts to about 10%, for C = 1.0, about 5%, and for C less than 0.5, about 1%. For smaller ε, the error becomes smaller. Thus we can conclude that our conjecture about the nonlinear wave propagation through a medium endowed with a periodic structure is justified by the numerical calculation. §4. Discussion and concluding remarks
We have theoretically and numerically investigated how nonlinear waves propagate through a medium endowed with a periodic structure by solving Eq. (2). Here, we required that the wave equation should be dispersive. This requirement is necessary to apply the perturbation method, 5) but it does not spoil the applicability of the theory to practical problems. Except for this, we did not make any special assumptions regarding its form. The form of the nonlinear term in the wave equation may be considered to be indifferent to the possibility of the occurrence of the phenomena, because if the nonlinear term in Eq. (2) 
The alternative explanation mentioned above, which is based upon the amplitudedependent dispersion relation, may also support this. Therefore, we expect that these phenomena may be observed widely in nonlinear media endowed with periodic structure. To the author's knowledge, they have not yet been studied theoretically or experimentally to a significant degree. If such phenomena are found through experiments, for instance, with optical devices, it is no doubt that this will be not only a theoretically but practically valuable finding.
